The correlation problem is analyzed in terms of Goldstone diagrammatic perturbation theory. A hole-line expansion for the correlation energy is defined and used with matrix partitioning techniques to determine the diagrams contributing to various forms of pair theory and to configuration interaction treatments of the usual type. The presence of certain terms in the double excitation configuration interaction formulation that cancel in higher order is demonstrated. The nature of various approximations to the correlation correction is determined. To illustrate the analysis. certain of the approximations are used in correlation energy calculations with multicenter Slater basis sets on Li,. N,. and H 3 . Comparison with complete configuration interaction calculations are made for Li, and H 3 ; the diagrammatic calculation. which is much simpler than a full CI treatment. is found to be a good approximation to the latter.
I. INTRODUCTION
The most commonly used method for ab initio calculations on the properties of many-electron atomic and molecular systems is based on the Hartree-Fock equations. 1 The popularity of the Hartree-Fock method is due to the possibility of solving the equations for a large variety of systems, and the success achieved in calculating various of their properties, including moments of the charge distributions and total energies. Unfort~nately the Hartree-Fock method is not sufficiently accurate for other important properties, such as molecular binding energies and atomic or molecular electron affinities. Techniques for introducing electron correlation effects are therefore needed. Recently, a number of ways have been developed and implemented for determining the correlation correction in atoms and simple molecules. Among the approximations that have been used are the configuration interaction method,2 the atomic Bethe-Goldstone equations, 3 the manyelectron theory of Sinanoglu, 4 Goldstone diagrammatic perturbation theory, 5 coupled pair many-electron theory,6 and the many-body Green's functionapproach. 7 ,8 Of the various techniques, the configuration interaction method is conceptually the most simple and the most widely employed. However, the success achieved by some of the many-body methods in the rapid and accurate calculation of atomic correlation effects makes desirable their extension to molecular problems.
Most of the available molecular calculations have been performed for systems that can be treated with a one-center expansion. These include the studies of H2 by Kelly, 9 ,10 the work on diatomic hydrides by Das and coworkers, 11, 12 and a number of investigations of polyatomic hydrides. 13-15 Although these calculations have given useful results, the more general application of many-body methods to molecules necessitates a search for other than one-center basis sets. Some progress has been made in this area. Dutta, Dutta, and Das 16 used Hz solutions as basis functions for H2 and more recently, diatomic hydrides have been studied with multicenter Slater basis sets. 17 -21
The Journal of Chemical Physics, Vol. 64, No.6. 15 March 1976 In addition to the need for more flexible basis functions, the greater complexity of the molecular problem requires that simplifications be introduced into the many-body treatment. To obtain a better understanding of the important diagrammatic contributions to the correlation correction in molecules, we present in this paper an analysis of Goldstone many-body perturbation theory and apply it with extended Slater-type-orbital basis sets to Liz, N 2 , and H3 .
The connections between the various many-body methods have been discussed by Freed 22 -24 and by Kelly et al. 25 , 26 In what follows we examine the relationships by a somewhat different approach. We start with Nesbet's variation-perturbation formulation, 3 which utilizes a configurational expansion. By means of matrix partitioning techniques, 27 we analyze the relation between Nesbet's treatment and Goldstone diagrammatic perturbation theory. 28 We are able then to determine the connection with the more usual CI expansion and some of the other many-body methods.
To establish notation, we state the correlation problem in terms of Goldstone diagrams in Sec. II. In Sec. III we introduce an expansion for the correlation energy in terms of the hole lines of the Goldstone diagrams. We use this hole-line expansion to develop the connection between Goldstone perturbation theory and the "Bethe-Goldstone equations" of Nesbet. We then show which diagrams are included in the CI expansion. The discussion given in Sec. III is limited to the ground states of closed-shell systems. In Sec. IV we briefly consider the extension to open-shell systems, and test the many-body apprOximations to the correlation energy by calculation on Liz, N 2 , and H3 .
II. THE DIAGRAMMATIC FORMULATION OF THE CORRELATION CORRECTION
To introduce the necessary notation, we outline the many-body perturbation theory for the correlation correction to the energy and wavefunction. We partition the full Hamiltonian, H, for an N-electron atomic or (1)
In Eq. (1), Ho is the Hartree-Fock Hamiltonian defined by
i=l 1=1 where (3) and
where {<PI}, and {E i } are the eigenfunctions and eigenvalues of the Hartree-Fock Hamiltonian h(i), Z", is the charge on nucleus 0' located at R"" i and r i represent the coordinates of electron i, v(i, j) is the electronelectron interaction, and VHF(i) is the one-particle Hartree-Fock potential. From Eqs.
(1) and (2), H' is given by
where
;=1
~ define I <P 0) as the Hartree-Fock ground state and let Iw) be the exact ground-state, which is an eigenfunction of the full Hamiltonian. The function I <po) is a single Slater determinant constructed from the N lowest occupied Hartree-Fock spin orbitals. We write Iw) in the form and use intermediate normalization
If E is the exact ground-state eigenvalue of the full Hamiltonian, H, and Eo is the Hartree-Fock energy, defined by
we have (11) where
The energy shift, ~, is called the correlation energy and I X) the correlation part of the wavefunction.
To solve the correlation problem perturbatively, we take the Hartree-Fock Hamiltonian, H o , as the zerothorder Hamiltonian and treat H' as a perturbation. If we sum the Rayleigh-Schrodinger perturbation series to a given order, we obtain the correlation energy or the correlation part of the wavefunction to that order. For example, the energy through second order is 
",=1 Iw) = I <po) + I <P 1
Evaluating the matrix elements of Eq. (13) and (16), we obtain
and (18) where
In Eqs. (17) and (18) 
but not both. Throughout this paper we assume that any sum performed over spin-orbital labels is restricted to sums over distinct confi&urations.
We see from the definition of the correlation energy ] that the first-order correction «<Po IH' I <Po» is included in the Hartree-Fock energy, and the correlation energy, tl.E, has as its lowest order term the second-order correction.
In second-quantized form the Hamiltonian corresponding to Eq. (1) 
where c i , cj are spin-orbital annihilation and creation operators, respectively, and the indices i, j, k, l go over both occupied and unoccupied spin orbitals. Following the standard rules given by Goldstone 28 and in various textbooks,29 the perturbation operator H I given in Eq. (21) can be used to set up the linked cluster expansion for the correlation energy, AE, and the correlation part of the wavefunction, I x). Figures 1 and  2 show all the diagrams contributing to AE through third order for the present case in which the unperturbed function, I <1>0)' is the single-determinant Hartree-Fock solution for the system.
III. THE CONNECTION BETWEEN THE CI EXPANSION AND THE GOLDSTONE DIAGRAMS
In this section, we first introduce a cluster expansion for the correlation energy and then analyze the various contributions.
A. A cluster (hole-line) expansion for the correlation energy
Although it is possible to determine the contributions to the Rayleigh-Schrodinger perturbation series in an order-by-order fashion, as illustrated in Figs. 1 and 2, one can make better use of diagrammatic theory by employing alternative expansions which may be more rapidly convergent. We introduce a cluster expansion for the energy whose first correction term is the socalled "pair theory" contribution. The cluster expansion we define is different from the Urseil expansion used by Cizek, 6 but is equivalemt to Nesbet's "Hierarchy of Bethe-Goldstone Equations."3 Unlike Nesbet, we express this expansion in terms of Goldstone diagrams. The use of diagrams enables us to see directly the connection between Nesbet's formulation of the correlation problem and the perturbation terms summed by Kelly. 5 The pair terms we consider are equivalent to the "exact pairs" of Sinanoglu, 30,31 and to the decoupled contributions to the coupled pair theory of Cizek, Paldus, and Shavitt. 6, 32 However, the higher order terms of each of these approaches are different, and it is an advantage of the diagrammatic formulation of the correlation problem that we can express them in a common language.
The cluster expansion is defined by
h=1 where the h-body contribution to the correlation energy, E h' is the sum of all diagrams with h independent hole lines. A diagram is said to have h independent hole
FIG. 1. The second-order energy diagrams.
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The third-order energy diagrams.
lines if it has h and only h distinct hole labels on its hole lines. For example, in Fig. 3 the labeled diagrams (a), (b), and (c) have two independent hole lines, diagrams (d) and (e) have three independent hole lines, and diagram (f) has four independent hole lines. We note that the number of independent hole lines has nothing to do with the order of the diagram in perturbation theory; e. g., in Fig. 3 diagrams (b) and (f) are both third-order diagrams, but diagram (b) has two independent hole lines and diagram (f) has four independent hole lines. Equation (22) consists of a finite number of terms, since for any given system there are no diagrams with more independent hole lines than the number of electrons in the system. However, each Eh contribution represents a sum of an infinite set of diagrams. To avoid later confusion we define orders in perturbation theory as "pert-orders" and orders in Eq. (22) as "hole-orders" or "h-orders. "
Before examining the terms in Eq. (22) in detail, we introduce an important pOint that simplifies the diagrammatic analysis. Many of the diagrams cancel among themselves and we need compute only a small subclass of the total number of Goldstone diagrams. For example, the pair diagram in Fig. 4 (a) and its exchange in Fig. 4 (b) sum to zero; they differ only in sign, all of the matrix elements and energy denominators being the same, because the exchange involves lines with the same hole label, 0'. By contrast there is no exchange diagram that cancels with that given in Fig.  4 (c). We must include the contribution from the diagram in Fig. 4(c) , but it would simplify matters considerably if we could avoid the computation of diagrams such as Figs. 4(a) and 4(b) which sum to zero. Another example is given by the diagrams of Figs. 4(d) and its exchange in Fig. 4 (e) which add to zero, for the same reasons as 4(a) and 4(b). Thus, we need a scheme whereby we can tell which diagrams to sum and which not to sum. One possibility would be to inspect all the diagrams and formally sum them to determine the cancellations. Such a procedure, which requires a complicated but illuminating analysis, has been described for the two-electron problem. 33 In this study which is concerned primarily with a comparison between diagrammatic and other many-body formulations, we shall take an indirect approach that is considerably simpler to apply. In each h-order approximation we derive the correlation contribution by the use of the configuration interaction formulation, and then show which diagrams sum to give the same result. Since different formulation for the correlation energy in a given approximation must be equal, all diagrams that do not appear in the final formula can be assumed to add to zero. We shall find, for example, when solving for the correlation energy in the pair approximation that the diagrams of Figs. 4(a) , (b), (d), and (e) do not occur. ~ can therefore assume that they sum to zero without examining them individually.
B. The pair approximation, E2
The second h-order term, E a ,
is the sum over all pairs of hole states, (a, /3) where I:1E"a8) is the pair energy for the pair (0', {3). For a two-electron system, the total correlation energy relative to the Hartree-Fock energy is equal to (24) since Brillouin's Theorem implies there are no E1 contributions, and there are no higher h-order terms.
The solution to the pair problem is equivalent to solving for the energy of each pair of electrons in the presence of the other electrons in the system. For each pair of electrons, (0', 8) 
The direct third pert-order diagrams that contribute to Epstein-Nesbet perturbation theory in second pert-order. Diagrams (a)-(t) are the Coulomb terms and (g)-(I) ar,e the exchange contributions.
Equation (33) is in a convenient form for comparison with perturbation theory. To obtain the lowest-order result, we make the apprOximations
where d is the diagonal part of D with elements 
Writing out the summations of Eq. (36) we have
If _
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As Claverie, Diner, and Malrieu 34 have pOinted out very clearly, Eq. (37) can be obtained as the second pert-order energy for the (0', j3) pair by choosing a partitioning of the Hamiltonian different from Eq. (20) and Eq. (21) and applying Rayleigh-SchrBdinger perturbation theory to it. This form of perturbation theory is often referred to as "Epstein-Nesbet perturbation theory, " and has been shown to converge more rapidly in certain applications. An alternative procedure for obtaining Eq. (37) is to begin with the second pert-order result given in Eq.
(17) applied to a single pair (second hole-order) and sum certain classes of Goldstone diagrams to infinite pert-order. To do this we use the geometric summation technique first applied to atoms by Kelly. 5 We start with the second pert-order Coulomb and exchange diagrams in Figs. 1 and add to them interaction lines in such a way that the labels on a hole or particle line intersected by the added interaction lines are diagonal (i. e., have the same spin-orbital label). 
Thus, we have geometrically summed this class of diagrams, called particle ladders, to infinite pert-order. In this series the particle states have been kept diagonal each time a particle line is cut by an interaction line. We refer to this restriction as the diagonal approximation. From Eq. (38) we see that this infinite summation in the diagonal apprOximation is equivalent to a shift of the energy denominator by the direct matrix element between particle states r and s. If we introduce into the series of Eq. (38) the additional diagrams corresponding to hole ladders to obtain the series of diagrams shown in Fig. 8 , we obtain
In Eq. (39) we have summed both the particle and hole ladder diagonal particle pair diagrams to infinite pertorder including all cross terms between them (i. e. , diagrams including all possible mixtures of particleparticle and hole-hole interactions). This leads to a shift in the energy denominator by the integrals (rs Iv Irs) and (a{3lv la{3), which are the diagonal particle-particle and hole-hole matrix elements that first appear in the third pert-order diagrams.
If we now generalize this procedure to begin with the Coulomb and exchange diagrams of Fig. 2 and sum both the diagonal particle and diagonal hole ladders to infinite pert-order including all diagrams of Figs. 5 and 6, all corresponding higher pert-order diagrams and all cross terms (i. e., diagrams including all possible mixtures of interactions), we obtain the energy expression in the diagonal approximation, (40) where ~ is Comparing Eqs. (40) and (41) with the expanded version of Eq. (37), we see that the two are identical. Thus, the solution to Eq. (33) under the approximations of Eq. (34) is equivalent to the second pert-order diagrams plus the geometric sums to infinite pert-order that arise from all the third pert-order diagrams in the diagonalparticle diagonal-hole approximation.
All the diagrams included in Eq. (40) are characterized by having two and only two independent hole lines between each adjacent pair of interaction lines. There cannot be more than two independent hole lines, since we are examining only the second h-order diagrams.
If there were only one independent hole line between adjacent interaction lines there would be a cancelling exchange diagram [see Figs. 4(a) and (b)]. Such diagrams do not arise in the configuration interaction expansion because they violate the exclusion principle. Kelly has called the diagrams we summed to obtain Eq. (40) "exclusion principle violating (EPV)" diagrams 5 because they appear to represent simultaneous occupation of a spin-orbital by more than one electron. The term EPV is somewhat misleading in that ~E t",8) is derivable from a completely antisymmetric wavefunction.
We now examine which additional diagrams appear when ~E('a8) is not set equal to zero in the denominator of Eq. (33). To find the type of terms that contribute, we expand Eq. (33) subject to the approximation that D ~ d and obtain (we use the symbol ~E~"'8) for this approximation to the pair energy)
The form of Eq. (42), in which the energy ~~"'8) appears on both sides of the equation, makes clear that an iterative solution is required. The lowest pert-order contribution, beyond that of Eq. (37), is seen to be
where we have taken the lowest pert-order contribution to ~E(a8) and then expanded the denominators to include only orbital energy differences. The two fourth pert-order diagrams that yield the direct contribution to Eq. (43) are shown in Fig. 9 . When we add them together, they give
in agreement with Eq. (44). All of the fourth pert-order diagrams that contribute to Eq. (44) are shown in Fig. 10 . They are referred to as pair rearrangement diagrams. 26 ,35 If we form a geometric series out of the pair rearrangement diagrams, we shift the denominator of the second pert-order terms by the second pert-order energy. From the direct terms in Fig. 9 and the corresponding higher pert-order terms like Fig. l1(a) , we have
In Eq. (46) we have shifted the denominator by the value of the second pert-order diagram. If we now shift the denominator of Eq. (47) by q",s and iterate, we obtain an equation of the form
,a
Ea + Es -Er -Ea + (aB)
An example of the additional diagrams included due to the iteration is shown in Fig. l1(b) . The same procedure can be carried out for all the diagrams in Fig.  10 and their higher-order counterparts. Furthermore, it is again possible to perform all the diagonal particleparticle, hole-hole, and hole-particle ladder summations on each piece of the rearrangement diagrams. The resulting expression is identical to Eq. (42); that is,
We call AE~",S) the "diagonal" pair correlation energy for the pair (a{3); from the development it is clear that it includes rearrangement contributions.
To relax the approximation
we write
O=d+P.
If we retain the approximation AE (",8) = 0 from Eq. (34) to simplify the development, we can write the correlation energy for the pair (a/3), aEfaS)' as
Expanding the denominator of Eq. (51), we obtain -1 1 1 I l l .
(52) The first term on the right-hand side of Eq. (52) is the Epstein-Nesbet result aE~"'/i) of Eq. (37), and the correction terms in Eq. (52) involve the matrix, P. As is evident from its definition, P contains the nondiagonal particle corrections of the form
This matrix element appears in lowest pert-order in the diagrams shown in Fig. 12 and yields the nondiagonal particle-particle ladder contributions to the second term on the right hand side of Eq. (52). They are exactly the particle ladder diagrams summed in Epstein-Nesbet perturbation theory except that the diagonal particle apprOximation has been relaxed. Thus, to solve for the pair energy making only the apprOximation, aE('aS) ~ 0 of Eq. (34), we sum exactly the same type of diagrams that appear in EpsteinNesbet perturbation theory except that both the diagonal and nondiagonal particle contributions are included. If in addition we introduce the rearrangement diagrams with the nondiagonal particle ladders summed, we obtain the pair energy given in Eq. (33). The sum of these pair terms for every pair of electrons in the system gives the twO-bOdy contribution to the correlation energy. This is the complete second h-order energy, E z • except for the single excitations.
C. The contribution of single excitations to the pair energies
We now consider the pair contributions made by the Single excitation diagrams. Brillouin's theorem shows that there is no direct coupling between the ground state and the single excitations for a Hartree-Fock wavefunction. In the pair approximation, the single excitations will affect the energy only by coupling with the double excitations. To analyze the nature of these terms, we use the appropriate matrix form of the SchrOdinger equation, (54) where aE~a8) is the pair energy including single excitations, S contains the matrix elements of the Hamiltonian over the single excitations from one of the orbitals a or {3, e" contains the matrix elements that couple the single and the double excitations, f1 is the vector that contains the single-excitation pair CI coeffiCients, f2 contains the double-excitation pair CI coefficients; B 'and D are the same matrices as in Eq. (30). The effect of the single excitations appears in ilE '(aa) of the first term and in the second and subsequent terms on the right hand side of Eq. (56). We consider first the result obtained with the approximations that ilE'(aa) 3; 0 and D and S are diagonal. In the diagonal approximation' the matrix elements of S are given by
Eo -(<I>: I HI <I>:
The matrix elements of C a have the form
The second term on the right hand side of Eq. (56) consists of products of two B matrix elements times two Cd matrix elements divided by two double excitation energy denominators and one single excitation energy denominator. Because of the form of this term, the four matrix elements in the numerator and three energy denominators, the lowest pert-order singles-doubles coupling diagrams appear in fourth pert-order. This suggests that the single excitation contributions are small and partially justifies their neglect relative to double excitations in calculations of the energy for closed-shell systems. A more extensive discussion of the terms in the CI expansion and the lowest pert-orders in which they occur can be found in Reference 34. The direct contributions are of the form shown in Fig. 13 , where the non-diagonal form of the diagrams is given. In analogy with the double excitation case, the full solution to Eq. (55) is obtained by starting with these low pert-order diagrams and performing infinite ladder and rearrangement summations with the restriction to no more than two independent hole lines in all of the diagrams. We note that for open-shell systems in the restricted Hartree-Fock approximation, the Single excitations can couple directly to the ground state and are expected to be more important than in the closed-shell case (see Sec. IV, H 3 ). D. Pair coupling terms; relation to double excitation configuration interaction
In the two previous subsections we expressed the correlation energy in terms of the cluster expansion of Eq. (22) and determined which terms to sum to obtain the two-body effects. In this section we wish to briefly examine the higher h-order corrections and then use the present formulation for an analysis of double excitation configuration interaction treatments.
Equation (22) implies that we should next sum all diagrams with three independent hole lines. The diagrams with three independent hole lines are of three distinct types;
(1) third and higher pert-order diagrams that have no more than two hole lines occurring between any two adjacent interaction lines;
(2) rearrangement diagrams with three independent hole lines; and (3) higher pert-order diagrams that have more than two hole lines between a pair of adjacent interaction lines.
Figure 14(a) shows an example of type 1, 14(b) an example of type 2, and 14(c) shows an example of type 3. The diagrams of types 1 and 2 arise from the doubleexcited determinants in the configuration interaction expansion, and the terms of type 3 involve triple and higher excitations. Terms, other than the pair terms already discussed, that appear in the doubly excited part of the configuration interaction expansion are re-. ferred to as "pair coupling" terms. They occur in all h-orders and all pert-orders. Diagrammatically, the pair coupling terms are of three types:
(1) higher h-order (h?:. 3) diagrams with no more than two independent hole lines occurring between any adjacent pair of interaction lines [diagrams 14(a) and 14(d)1; (2) pair coupling rearrangement diagrams (with h?:. 3) [diagrams 14(b) and 14(e)]; and To determine in what way the three types of pair coupling diagrams appear in a CI calculation consisting of all double excitations, we proceed as we did in our analysis of the pair contributions, all of which are included. We ignore single excitations for simplicity, their inclusion requiring a simple extension ofthe arguments for the pair single excitation diagrams. We focus first on the coupling terms between two particular distinct pairs; the coupling terms between all the other distinct pairs in the system can be treated in the same way. Then, we consider the diagrams that appear if the pairs are not distinct; i. e., if any of the hole or particle states involved in the two pairs are the same.
The configuration interaction matrix for two pairs, 1 (al'l) and 2(yli), neglecting single excitations, is in an obvious extension of the notation used in Eq. (30) 
where /lE l is the pair energy of pair 1 and /lE 2 is that Fig. 15(d) . To obtain the complete 'QD~:g~£: In determining the diagrams included in Eq. (63) [and Eq. (60) and Eq. (62)], we have assumed that pair 1 and 2 are distinct; i. e., pair 1 and pair 2 do not have any orbital (particle or hole) in common. We now examine the coupling terms arising from the interaction between pairs where one occupied orbital in each pair is the same; in the CI expansion, this corresponds to excitations involving determinants of the form I CP:sB) and Iq,~~). If we make the same approximation to Eq. (60) as was made to obtain Eq. (63), we find (E:",+E:B-E:r-E:.) tu (E:",+E:y-E:t-E u ) (69) Equation (69) is obtained by summing the diagrams like those in Figs. 16(a) and 16(b) . Unlike the interaction between two pairs with no orbitals in common (Fig.  15) , the contributions in this case are linked. The diagrams in Figs. 16(a) and 16(b) are called coupling rearrangement diagrams and they are the coupling terms discussed by Kelly. 26 In analogy with the unlinked situation, the denominator shift of Eq. (68) is found by summing coupling rearrangement diagrams like those of Figs. 16(a), (b) , and (c) geometrically and iterating with diagrams like that of Fig. 16(d) . Similarly, for Eq. (60) (70) whose lowest-order coupled contribution is of the type shown in Fig. 16 (e).
We have seen that the solution for the energy in Eq. (59) is given by the pair contributions, coupling rearrangement diagrams when any of the hole or particle label of a coupled pair are the same, and unlinked diagrams. As Goldstone has shown unlinked diagrams do not contribute to the correlation energy. 28 To resol ve this apparent inconsistency between the Goldstone expansion and the CI expansion we show in the appendix that the unlinked terms in Eq. (63) are canceled when we include quadruple excitations in the CI expansion.
To find the remaining diagrams included in the double I +B1 1 1 1 1
Expanding the denominators, we have
If we apprOximate AEI. by AE CR ' the first two terms on the right-hand side of Eq. (75) give Eq. (60), and the subsequent terms in Eq. (75) To analyze the latter terms, we consider, as an example, the third term on the right-hand side of Eq. (75),
To simplify the argument, we neglect the ~Ea terms in the denominators, replace the D matrices by the differences in orbital energies and focus on the coupling between the two determinants I <1>:8/1) and I <I>;g) where 01 "* (3 "* y "* 1 grams of pair structure with the diagonal hole restriction removed. It is important to remember that even when the direct coupling between two pair terms of the type considered here vanishes, there are indirect pair coupling contributions of the type considered in Eq. (60); e. g., for the determinants I cI>:."8) and I cI>~~>; the element of C 12 , (cI>:s8IHIcI>~~)=0 (79) but they are indirectly coupled by the rearrangement diagrams.
E. Comparison with other formulations
We have analyzed the electron correlation problem and determined the pair and pair coupling contributions. The tools for this analysiS are Goldstone diagrams and matrix partitioning techniques, starting with the cluster expansion defined in terms of hole lines by Eq. (22). This cluster expansion is equivalent to Nesbet's "Heirarchyof Bethe-Goldstone Equations." The first term is the pair theory term, for which we have determined the contributing Goldstone diagrams. Sinanoglu includes the same pair terms, except for single excitation effects, in the decoupled form of his many-electron theory. 30, 31 Kelly evaluated the pair terms by approximating them perturbatively; i. e., he summed the terms in Eq. (49), which is the diagonal approximation to pair theory. Like Sinanoglu, Kelly did not consider the single excitation effects summed in Eq. (55). Of all the higher hole-order contributions, the pair coupling terms arise in lowest pert-order and in lowest order in the configuration interaction expansion. As a consequence, the pair coupling terms are expected to be the next most important terms after pair theory. In Nesbet's formulation, it is necessary to sum all h-orders to obtain the complete pair-coupling contribution. Other formulations of the correlation problem are able to include these terms in a more systematic way. For example, Kelly, using diagrammatic perturbation theory, evaluates the pair coupling terms by summing the third pert-order three-body diagrams and the coupling rearrangement diagrams. 36 Cizek, Paldus, and Shavitt sum all the pair coupling terms (excluding the unlinked contributions) in "coupled pair many-electron theory" . 6, 32 A logical extension of the present development would be to include higher excitations and determine the contributing diagrams. This has been done for quadruple excitations in order to analyze the terms inCluded by Cizek and Paldus in coupled pair many-electron theory. 37 The arguments and techniques for the higher excitations are the same as used in the present paper and it does not appear worthwhile to present the details.
IV. THE CORRELATION ENERGY OF Li 2 , N 2 , and H3
In this section we present the results of correlation energy calculations on Liz, N z , and H 3 • Our primary aim in these calculations is to illustrate the analysis of the many-body methods given in the previous section. With this in mind, we have performed several of these calculations with small basis sets so that a full CI energy could be determined for comparison. In the remaining calculations, we used larger basis sets for which a comparison with experiment would be meaningful. We first examine Liz with a six orbital basis set and H3 with a fifteen orbital basis set; for both of these, comparison with a complete CI calculation is possible. We then present larger basis set results for Liz and
N2 •

A. Comparison with complete CI calculations
Li l molecule
The lithium molecule Calculations were performed at an internuclear separation of 5.25 a .. u., which is the Hartree-Fock minimum. The basis set consisted of a ls-orbital, a 2s-orbital, and a 2Pa-orbital on each center; the Slater orbital exponents for these orbitals were taken from Fraga and Ransil 38 and are given in Table I with the Hartree-Fock energy. EMF, for the basis set. We present in Table II a comparison of the correlation contributions given by pert-order RayleighSchrodinger perturbation theory (~2' (3), EpsteinNesbet perturbation theory (~1011!»)' "diagonal" pair theory, total pair theory. and CI at various levels of excitation. It is clear that the Rayleigh-Schrodinger expansion (E z , 103, E2 + (3) converges rather slowly; this appears to be a general result. By contrast, the A.E~OIS) value compares favorably with the CI correlation energy, as do the full pair energies and the diagonal approximation pair energies. Because of the small basis set, only the (20";, 20";) pair energy is important; both the inner-shell and intershell pair energies are negligible. It is also evident from the table, that double excitation CI is a very good approximation and that single excitations make a small contribution for this case. The significance of these results has to be regarded with some degree of caution because the total correlation energy for the basis set is only about 10% of the "experimental" correlation energy (see Sec. IV B and Table VI) .
H3 system
For the H3 system, we consider the saddle pOint geometry and use the extended Slater basis with op- timized exponents employed in the full CI calculation of Shavitt, Stevens, Minn, and Karplus 39 (see Table III ). This basis set yields an energy that is estimated to be within -5 kcal of the true system energy. Since H3 is an open-shell system and a restricted Hartree-Fock function is being used as 1<1>0>' Brillouin's theorem does not hold; i. e., there are single excitations that couple directly with the ground state. This leads to additional diagrams 37 . 4o involving the core polarization operator shown in Fig. 18(a) ; it is nonzero for open-shell systems where the core electrons are restricted to doubly occupy the core orbitals. The resulting diagrams, such as those given in Figs. 18(b)-18(c) , are called core polarization diagrams, and we define AE", to be the sum of all such diagrams. The contribution to . .o.E c , include the bare diagram shown in Fig. 18(b) , its ladder corrections shown in Figs. 18(c) and 18(d), and its rearrangement corrections shown in Fig. 18(e) . As with the pair energies, if we only include the diagonal contributions to diagrams 18(c) and 18(d), we obtain the diagonal approximation to the core polarization terms, which we denote by .o.E~. The nonzero value for the core polarization operator also leads to additional pair diagrams of the type shown in Figs. 18(f) and 18(g). These are third pert-order contributions that can be . summed to infinite pert order. In Table IV we give the various approximations to the core polarization and the pair contributions obtained for the H3 system at the saddle point; also included are the results of a configuration interaction calculation including only single and double excited configurations and including all configurations. 39 The full core polarization correction,
.o.E c , was computed by diagonalizing the CI matrix truncated at single excitations, while .o.E~, was obtained by diagram summation. The core polarization terms contribute apprOximately 35% of the total correlation energy associated with the basis set; the diagonal contribution is seen to yield about 95% of the total. In Table IV , we also compare two approximations [Eqs. (40) and (49) 
B. Extended basis set calculations
Li2 molecule
The extended basis set for the lithium molecule consisted of nine U orbitals, three 1T orbitals, and one () orbital on each center. The orbital exponents, given in Table V , were chosen as a weighted average of the gerade and ungerade exponents given by Das and Wah1 41 ;  in addition one d. and one do orbital were included for extra angular correlation. The Hartree-Fock energy of the basis is also listed in Table V . Although this basis is fairly large, it is not large enough (i. e., not enough high exponent orbitals) to obtain an accurate inner-shell contribution to the correlation energy (see below).
In Table VI we present the second and third pert-order energies, the second-order Epstein-Nesbet result (AE1 .. B»' the diagonal pair energy (aE'(o<B»' and the diagonal approximation to the CI matrix including only double excitations (AE~R)' The experimental estimate for the correlation energy is also given in the table. The Rayleigh-Schrodinger series does not converge rapidly, although the convergence appears better than in the small basis set calculation (see Table II ). The Epstein-Nesbet and diagonal particle approximation to the pair energy give similar results, between 60% and 65% of the experimental correlation energy. The value obtained from the diagonal apprOximation to the CI double excitation matrix is somewhat smaller. Since the only difference between AE'(o<Il) and aE~R is the inclusion of unlinked diagrams in the latter, it is demonstrated here that these unlinked diagrams can be significant. Furthermore, because the unlinked diagrams are canceled in higher order, AE(aB) is expected to be more accurate than AE~R; this conclusion has been confirmed in calculations on polyenes. 42 It is clear that the extended basis set used here is not sufficient to obtain the full correlation energy of the L~ molecule. To determine the origin of the basis set deficiency, we consider the diagonal pair energies given in Table VII ; to simplify the table we have summed over the I cr,. and I cr" contributions as well as over the different spins. It is seen that the sum of the inner-shell terms (lcr, lcr) is about half of the value on the order of -O. 073 a. u. expected for two such doubly occupied Is-like orbitals. The absence of functions with large exponents in the basis set is probably the source of this difference between the calculated and expected correlation energy. If one takes account of this error in the inner-shell value, it appears that the valence-shell (2cr,., 2cr,.) pair energy is well approximated by the present calculation.
N2 molecule
The basis set used for the nitrogen molecule calculations consisted of eighteen cr, eleven 1f, six 6, and two cp orbitals on each center. The exponents, given in Cade, Sales, and Wahl, 44 so that the basis set appears to be at the Hartree-Fock limit.
In Table IX we give the pair energies calculated for the nitrogen molecule in various approximations; to save space, we have summed over the different spin orientations for each pair. In addition to the second pert-order, (E:4 aB », Epstein-Nesbet perturbation theory (dE1aB»' and diagonal pair energies (dE("aB», we give the second pert-order energies calculated by Grimaldi. 46 The difference between the second pertorder energies obtained here and by Grimaldi arises from the fact that he used a smaller and less flexible basis set. Unlike the Liz calculation, the valence shells do not dominate the correlation energy in this system, which indicates the basis we have used is fairly complete. From Table X , we see that the difference between .:lE1aB) and .:lE'iaB) due to the rearrangement terms is small. Both significantly overestimate the correlation energy; e. g., the diagonal pair energy (.:lE(a6» overestimates the experimental correlation energy by 22%. This is a consequence both of the independent pair approximation and the diagonal approximation. We list the results also for a correlation calculation (.:lE~R)' where we have made the diagonal approximation to the doubly excited CI matrix. In this approximation, we find 101 % of the experimental correlation energy.
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APPENDIX: DEMONSTRATION OF THE CANCELLATION OF THE UNLINKED DIAGRAMS FROM THE DOUBLE AND QUADRUPLE EXCITATIONS
In this appendix we show that the quadruple excitation contributions contain terms that cancel the unlinked terms from the double eXl;itation contributions. Although this cancellation has been discussed by Kelly, 26 it is useful to consider it in terms of the partitioned CI matrix. We use the configuration interaction matrix (Al) where B contains the coupling matrix elements between the ground state and the double excitations, D contains the matrix elements between the double excitations, C is the matrix that couples the double excitations to the quadruple excitations, Q contains the matrix elements between the quadruple excitations, fa is the vector of the double excitation coefficients, and f. is the vector of the quadruple excitation coefficients. Sol ving for f., we obtain f4 = (.:lE Q I -Q)-lC+ fa 
A5
In the approximation that .:lE Q ~ .:lEd' the first term on the right-hand side of Eq. (A5) is the double excitation CI result. As we saw in the main text, this term contains unlinked contributions. To determine the origin of the cancellations of the unlinked terms in Eq. (A5), we expand with respect to the AEQ contributions in the denominators and obtain
To simplify the discussion, we focus on the unlinked terms arising from the excitations involving the two determinants I <I>:' 4S} and I<I>;~) considered in the main text. It is the second term on the right-hand side of Eq_ (A6) that contains the lowest pert-order unlinked contributions. This term gives
( 1 \2 ( 1 \2 [ 1 Considering only the first term in the square brackets, we have
